We show the existence and uniqueness of solutions to the fractional nonlinear Cauchy problem containing Katugampola derivative. Moreover, in the linear case, we give a formula for the solution.
INTRODUCTION
Fractional calculus studies problems with derivatives and integrals of real or complex order. As a purely mathematical field, the theory of fractional calculus was brought up for the first time in the XVIIth century and since then many renowned scientists worked on this topic, among them Euler, Laplace, Fourier, Abel, Liouville and Riemann [13] . When it comes to the practical applications, however, the notable development can only be observed during the last decades. Fractional operators have non-local character and consequently can be successfully applied in the study of non-local or time-dependent processes. The fields of applied sciences, where fractional calculus is found to be useful, include chaotic dynamics [19] , material sciences [14] , mechanics of fractal and complex media [4, 18] , quantum mechanics [6] , physical kinetics [20] , and many others (see, e.g., [5, 16, 17, 21, 22] ).
In the literature many different types of fractional operators have been proposed, with the choice of a relevant definition being linked to the considered system [10, 11, 15] . Here, in order to simplify the theory, we show that two important fractional problems with different notions of derivatives-the fractional Cauchy problem with Hadamard derivatives and the fractional Cauchy problem with RiemannLiouville derivatives-can be joined together by considering Cauchy problem with derivative defined recently by Katugampola. The Katugampola operators depend on extra paramater ρ > 0, which by taking ρ → 0 + reduces to the Hadamard fractional operator and for parameter ρ = 1 becomes the Riemann-Liouville fractional operator. In this work, applying properties proved recently in [12] , we show the existence and uniqueness of solutions to the Katugampola Cauchy problem. Moreover, we derive a Cauchy formula for the solution to the linear problem of such a type.
The text is organized as follows. Section 2 recalls definitions and main properties of the Katugampola fractional integrals and derivatives. Main results are then stated and proved in Section 3 and Section 4, where we show existence and uniqueness of solutions to the Katugampola Cauchy problem and give the exact solution in the linear case.
PRELIMINARIES
In this section we present some basic definitions and properties of fractional calculus used in the work. In the literature we can find several definitions for fractional integrals and derivatives, each one presenting its advantages and disadvantages [10, 11, 15] . In this paper we are focused on the Katugampola integral and differential operators, which first were introduced in [8] . The reader interested in the subject is referred to the recent works [1, 2, 3] .
we denote the classical space of measurable functions f : [a, b] → R which absolute value raised to the p-th power has a finite integral, or equivalently, that
Moreover, along the work, we assume that 0 < a < t < b < ∞.
for t ∈ (a, b) are called the left-sided and right-sided Katugampola integrals of fractional order α, respectively.
for t ∈ (a, b) are called the left-sided and right-sided Katugampola derivatives of fractional order α, respectively.
These operators generalize two other operators, by introducing a new parameter ρ > 0 in the definition. The next theorem shows that the Riemann-Liouville and the Hadamard fractional derivatives are special cases of the generalized derivative in question.
Theorem 1 (Theorem 3.1, [9] ). Let α ∈ R, α > 0, n = [α] + 1 and ρ > 0. Then, for t > a
2. lim
Moreover, in [8, 9] the following properties of the Katugampola integrals and derivatives were proved
The similar results for the right-sided operators also exist.
Let us recall the following technical results.
Lemma 3 (Lemma 3, [12] ). Let α ∈ (0, 1), ρ > 0. Then we have
Using the relation between the Katugampola fractional operators, we obtain that
for α ∈ (0, 1) and ρ > 0.
The following rule of fractional integration by parts holds for Katugampola operators.
with B = max 1,
EXISTENCE AND UNIQUENESS OF SOLUTIONS TO THE GENERALIZED FRACTIONAL CAUCHY PROBLEM
In this section we show the existence and uniqueness of the solution to the problem
By solution to problem (5) we mean function
• the function h(·, x) is measurable for any x ∈ R,
• there exists a constant N > 0 such that
Proof. Let α ∈ (0, 1) and p ≥ 1. The description of the set I α,ρ a+ (L p ) implies that the problem of existence of a solution x to problem (5) in the set I α,ρ a+ (L p ) is equivalent to the problem of existence of a solution ϕ to the equation (6) ϕ(t) = h t, I
α,ρ
holds. In order to use the Banach fixed-point theorem for the space
Let us observe that S is well defined. Indeed, using the Lipschitz condition, we have
From Lemma 2 and our assumptions it follows that Sϕ ∈ L p ([a, b 1 ], R). Using once again Lipschitz condition, Lemma 2 and Theorem 2, we obtain
Note that
Therefore, 
Rewrite the equation (6) in the form
Since the function ϕ(t) is uniquely defined on the interval [a, b 1 ], the second integral can be considered as the known function, and we rewrite the last equation as
By the same argument as before, we prove that there exists a unique solution
Repeating the previous reasoning,
we see that equation (6) • the function g(·, y) is measurable for any y ∈ R,
then Cauchy problem (8) possesses a unique solution.
Proof. Let g : [a, b] × R −→ R be any function satisfying assumptions of Theorem 4 and we define
Now, we will show that this function satisfies the assumptions of Theorem 3. Let us observe that the function t → c Γ(α)
is measurable (in fact, it is continuous on (a, b)) and the function g is measurable in t and continuous (in fact, Lipschitzian) in y. Thus, we deduce that h is measurable in t. The fact that h is Lipschitzian in x follows from the fact that g is Lipschitzian in the second argument. Moreover,
. Therefore, by Theorem 3, we conclude that there exists
by (4) and (9) . Hence, there exists
which is a solution to the Cauchy problem (8) . Now, it is enough to prove the uniqueness of solution. Let us assume that y 1 (t), y 2 (t) are solutions to (8) . Let us put
Of course, by Lemma 3 and (4) we get I 1−α,ρ a+
where h is given by (9) .
In the same way, we obtain
Since h satisfies the assumptions of Theorem 3, we get that
Consequently, y 1 (t) = y 2 (t).
LINEAR CAUCHY PROBLEM
Let us consider a linear Cauchy problem of the type (8) with c = 0 in the following form
, and A ∈ R.
Theorem 5. The unique solution to problem (10) is given by
where
.
Proof. From Theorem 3 we know that problem (10) has a unique solution x ∈ I α,ρ a+ (L p ) and that this solution is given by
where ϕ * ∈ L p ([a, b], R) is a unique fixed point of the operator
Therefore, ϕ * = S(ϕ * ) and
One can easily check, applying mathematical induction principle, that
for any m ∈ N and t ∈ [a, b], where
Note that, for sufficiently large m ∈ N, we have
Now, using the Hőlder inequality and the Gauss-Legendre formula
we obtain (ρ − 1)q + 1 .
